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The general  flow-line picture is examined. Production of sheet with thickness between set 
l imits is discussed. Calculation formulas  a re  given. 

Here I present a reasonably complete theoret ical  study of the roll ing of a mater ia l  that obeys 

"~ = D0 ]~]m--1 +. 

This power law has been chosen for simplicity. Rheological studies on polymers  show that many of them 
are  well described by this formula  over a wide range, especial ly various compositions based on PVC and 
polyethylene [1], as well as filled rubber  mixtures  [2]. 

There a re  fair ly many papers on calandering; the mater ia l  has [3-5] been considered as a Newtonian 
fluid, or as a non-Newtontan one [6, 71 that obeys a power law, but with a constant effective viscosity,  so 
that the problem reduces to the flow of a Newtonian fluid. Other papers [8-10] deal with the flow of New- 
tonian liquids having various types of relat ion between r and ~. 

The following assumptions were made in deriving the basic equations: 1) the problem is two-dimen-  
sional; 2) the fluid is incompressible;  3) the flow is laminar;  4) the motion is of s teady-s ta te  type; 5) the 
inert ial  forces  a re  small  relat ive to the viscous ones; 6) the gravitational forces  are  small  relat ive to the 
viscous ones; 7) if the velocity component u{x, y) along the Ox axis is proportional to U, then v (the velocity 
component along the Oyaxis) i s  proportional to U / /L ,  where L and l a re  the charac te r i s t i c  lengths along the 
Oxand Oy axes, respect ively,  with L >> l; 8) ~kl/0x cc U / L ;  9) au/0y cc U / l ;  10) 8v/ax cc U / / L  2. The f i rs t  
six assumptions give the basic equations [11] as: 

- - o--~ \ Ox~ + ~ u ' ~ / +  t ,o(m - 1) M "-~  2 0~, OM 
o, oW + + ' 

0 =  q - -  

where 

L~Ox] +~@! + -of+ ox] j 

The equation of continuity is 

The components of the s t r e ss  tensor  a re  

ox~ = - -  p + 2 ~o Mm-l - -  

au Ov a-~ + ay =0. 

Ox ' ~x~ = %~ = ~ = t~o M m - '  + ~ , %~ = - -  p + 2 t~oM m- '  O---g 
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Condi t ions  8)-10) m a y  be used  wi th  the  u sua l  e s t i m a t e s  of b o u n d a r y - l a y e r  t h e o r y  to g ive  the  l a t t e r  r e l a t i o n s  
the  f o r m  

p = p (x), (1) 

dp r Ou ,n-, 02u 
dx  = m~t~ i @ Og ~ T  ' (2) 

Ou Ov 
oG- + G-u = o, (3) 

a u .~-1 Ou 
"c = P'o Oy (4) 

T h e s e  equa t ions  m a y  be  d e r i v e d  f r o m  t h o s e  g iven  in  [9]. 

F i g u r e  1 shows  how the  r o l l s  o p e r a t e .  W e  have  to f ind the  p r e s s u r e  and v e l o c i t y  d i s t r i b u t i o n s  tha t  
f i t  (1)-(3) in  the  r e g i o n  - x  t _< x _~ x s and - h  _< y _< +h, w h e r e  x s > 0 i s  the  r o l l  i n s e r t i o n  depth  a t  which  
c a l a n d e r i n g  s t a r t s ,  wh ich  we  a s s u m e  a s  g iven .  A l s o ,  x t wi l l  be d e t e r m i n e d  in  the  s u b s e q u e n t  i n v e s t i g a -  
t ion.  F i g u r e  1 shows  that  h = h 0 + R - ~ -  x 2. The  r o i l s  r o t a t e  a t  a cons t an t  a ngu Ia r  v e l o c i t y  w ( a s -  
s u m p t i o n  11), and we a s s u m e  tha t  the  m a t e r i a l  a d h e r e s  to the  r o i l s  ( a s s u m p t i o n  12). Then  

for y -- 0, v = 0 O__u_u = 0 (flow symmetry), (5) 
0!t 

for y ~ - h ,  u ~ - - ~ o ( R J r h  o - h )  v ~ - - r o x  (adhesion condition), 

for x = - - x  I p = 0 (assumption), (6) 

x = x  s p = 0  (assumption). 

T h e r e  a r e  no n e g a t i v e  p r e s s u r e s  in  the  r e l e v a n t  r e g i o n  ( a s s u m p t i o n  15). 

It has  been  a s s u m e d  [12] in  d i s c u s s i n g  l u b r i c a t i o n  t h e o r y  tha t ,  i f  the  l u b r i c a n t  l a y e r  b r e a k s  wi th  dp 
/ d x  ~ 0, t h e n t h e  b r e a k  o c c u r s  in an  u n s t a b l e  p o s i t i o n  and the  b r e a k  point  m o v e s  in the  d i r e c t i o n  of d e -  
c r e a s i n g  p r e s s u r e .  A s s u m p t i o n  16 i s  tha t  d p / d x  = 0 a t  the  poin t  w h e r e  the  m a t e r i a l  b r e a k s  away.  

We g ive  b r i e f l y  the  r e s u l t s  of [13]. We  i n t e g r a t e  (2) and u s e  (5) and (6) to ge t  

/72 ( 1 ) ~ -  5'm/-----(~t mq-1 re@l, 
P m _ h  

The f low r a t e  a t  any  point  i s  

h 
Q = --2~ udy  = 

0 

I 5 _  2,n+1 
2m (' 1 ~ W  dp . ~ h - ~  + o ) ( R + h o - - h ) h .  

2m4:- 1 ~, Jx o ] dx  
X ~ - - X t  

(7) 

We equa te  the  f low r a t e s  in  any  s e c t i o n  and in  the  s e c t i o n  w h e r e  the  c a l a n d e r i n g  s t o p s  (x = - x l )  ( a s s u m p -  
t ion  2), wh ich  g i v e s  a d i f f e r e n t i a l  equa t ion  fo r  p: 

1 2m+I i i 2m@t 

2m q- 1 bto 2m + 1 \ P'o ! I dx  Fx . . . .  
+ o~ (hi - -  h) (R + ho-- h i - -  h). 

A s s u m p t i o n s  (13)and ( 1 6 ) g i v e t h e  fo l lowing  equa t ions  fo r  d p / d x  and p(x): 

d p = A. (hi - -  h) Ihl - -  hi m-1 (h e - -  h) IG - -  hi m-1 
dx  h 2m+1 ' 

(8) 

x 
p (x)  = A 3" (ha - -  h) Ih~ - -  h] ~ - ~  ( G  - -  h) [h 2 - -  hi m - a  

h2m+ 1 dx, 

--xat 

w h e r e  A = po[(2m + 1 ) / m ] m c o m ;  h 2 = R + h o -  hi; h 2 > h I. 

(9) 
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Fig .  1 F ig .  2 

F ig .  1. S c h e m e  of r o l l  o p e r a t i o n .  

F ig .  2. G r a p h s  ofp(~_) and d p / d ~ :  1) k = 1.22, m = 1.0; 2) 1.22 and 0.31; 3) 1.24 and 0.31; 
4) 0.22 and 0.31. 7?0 = 0.00625. 

We s e e  f r o m  (8) tha t  p(x) t ouches  the  Ox ax i s  a t  x = - x l ,  has  a m a x i m u m  a t  x = +xl, and a m i n i m u m  
at  x = x2(h = h2). A s s u m p t i o n  14) g i v e s  the  fo l lowing  r e l a t i o n  fo r  h i (or xl):  

f f  (h~ - -  h) Ih~ - -  hP -~ ~h~-- h) Ih~ - -  ht ~-~ 
. h ~ + l  - d x  = O. (10) 

- - x l  

C o n s i d e r  the  b e h a v i o r  of p(x) a s  a func t ion  of h I. W e  a s s u m e  tha t  t h e r e  i s  a v a l u e  h i = h i /  (x = x l l  ) 
such  tha t  p(x) t ouches  the  O x a x i s a t  x = x2l , x2i > x l l .  Then  hi[  and hx[ (x = x~l) a r e  def ined  by  

A n  
-v ----0, p = 0  or h 2 e - - - - R + h o - - h  u 
d x  

and 

j 2l (hit __  h) [hll - -  ht m - 1  (h~t - -  h) Ih~z - -  hi m-1 
�9 h~m+ 1 d x  ~ O. 

--X!I 

Le t  x s s a t i s f y  X~l < x s < x g ;  then  t h e r e  wi l l  be  a v a l u e  h 1 tha t  s a t i s f i e s  a s s u m p t i o n s  13), 14), and 15). If 
h 1 = h0, we s e e  tha t  p(x) wi l l  be  nega t ive  fo r  x > 0. A l s o ,  h 1 v a r i e s  wi th in  the  l i m i t s  h i l  > h i > h 0. W e  i n -  
t r o d u c e  the  fo l lowing  d i m e n s i o n l e s s  q u a n t i t i e s :  h / R  = ~?, x / R  = ~, x l / R  = ~l, h i / h 0  = k; then  (8) and (9) 
m a y  be  put  a s  fo l lows  (Fig.  2): 

dp  A d p  

d x  R d~  ' 

w h e r e  

a~ 
a-y -- {[no ( k - - i ) +  ,/1--.~ "~- 1] I,o (k--1) + V - ~ - P - 1 1  ~-1 

• (W 1--  ~ - k~lo) I } : l ~  --/Vlol m-I } {( 1+ 11 o - -  V' l--~)~ra+x}- ' ;  

p ~ A~ (~), 

(11) 

and 

--~{[~o (k-O + V ~ - ~ ]  t~o(k--O + V i ~ - P - / ~ - ~  

• ( V I - ~ -  kno) I / ~ - ~  ~ "knoV-X}{(l+ , lo- V i -  ~)~+'l-'- (12) 
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If we rep lace  in tegrat ion along the a r c  by the approximat ion  of integrat ion along a s t ra ight  line, the 
reac t ion  on the ro l l s  is  

xs 
P = L 2 pdx = LRP, 

--Xl 

where  

~s 

and L is the working width of the rol ls .  Then (2)-(4) give the s t r e s s  at y = h due to v iscous  f r ic t ion as 
~- = (dp/dx)h or ~" = AT, where  "~ = (dp/d~)~. The f r ic t ional  fo rce  per  unit ro l l  length is  

X s 

F =  ~ hi dp d x =  ARF_ 
2 [d~ --xt 

where  

T= {'hi 
2 I d~ 

and M = FRL is the torque due to the v iscous  frict ion.  

Consider  the f low-l ine pat tern.  We subst i tute  (8) into (7) to get 

2 m + l  1 [ y - - ~ _  
u =  m +  l ~ h i  [ h 2 - h ( R + h ~  1 

m + 1 hh2[ " (13) } 2 m +  1 

This gives 0u/0x. It follows f r o m  (3) that this express ion  equals - 0 v / 0 y .  We in tegra te  the express ion  for  
0v/0y with r e spec t  to y and use  (6) to get 

r 1 dh y V-- 
m +  l h dx h 

• [h2--(m-} - 1 ) (R+ho)h- - (2m+l)h lh  ~] -~  --  1 - - ( m + l )  h ( R + h o - - h  ) . (14) 

The following is the different ia l  equation for  the flow lines: 

dy = [h~--(m+l)(R + ho) h + (2m + I) hlh2] - ~ - -  1 
dx 

- - (m + l) h(R + ho--h)}] [(2m + 1)[h2--h(R + ho) W hlh~] 

, m+i h)] - I  dh (15) 

The following equations give the coordinates  of the s ingular i ty  M(XM, YM): 

[ \ h m+l 1 

Then 

(2m -[- 1) [h ~ - -  h (R q- ho) q- h~h z] (mq- 1) h ( R + h o - - h ) = 0 .  

hM _ R + ho , 
2 
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and f r o m  

R +ho  
YM= 2 

m 

m (R + ho) 2 - -  4 (2m + 1) h~h 2 ~ j ~  
(2m -~ 1) [(R -~ ho) 2 - -  4 h~h~l J 

h = R + ho--  V /~ '  - x~ ,  

y = 0, (2m -j- 1) [h 2 - -  h (R q- h o) + h~h~] q- (m q- l) h (R q- ho - -  h) =0, .  

mh 2 --  m (R q- h o) h q- (2m + l) h~h~ =0,  

whence  

H ~ =  R+h-------A-~ 1 V 2 ~ --~ (R + ho) ~ - -  4 2m +__._.~1 h~h.,. 
�9 m " 

We a s s u m e  tha t  

(R + ho) ~ --  4 2m -q-___~l h~h,. ~. O. (16) 
m 

We see  f r o m  (13) and (14) tha t  we have  b r a n c h  points  a t  NI(X1, 0) and N2(X2, 0), w h e r e  X 1 and X 2 a r e  va lue s  
of x c o r r e s p o n d i n g  to H i and H 2. We now show that  point M i s  a cen te r ,  fo r  which p u r p o s e  we m a k e  a 
p a r a l l e l  t r a n s f e r  of the coord ina t e  axes ,  p lac ing the o r ig in  a t  M, the c o n v e r s i o n  f o r m u l a s  being x = x + x M 
and y = y + YM. The  funct ions  in the n u m e r a t o r  and' d e n o m i n a t o r  on the r igh t  in (15) a r e  cont inuous,  as  
a r e  t h e i r  pa r t i a l  d e r i v a t i v e s  with r e s p e c t  to x and y within the  r e l e v a n t  r eg ion .  Equat ion (15) can  be  put 
in the  fol lowing f o r m  [14]: 

dy ax + by + (p (x, y) lim (P(x---~'Y).=0,1im ~ (x ,y )  = 0 ,  

y-~o ~0  

! 

a = - - ( m + l )  Ya~ 
4 

X { 2m2m+ l (Rq-R +hL4hlh.-}- l [ m ( R + h ' ) 2 - - 4 ( 2 m +  ~ , m (R--h~176 ' 

m~-I 

c = - - b =  m-{-I  ( R - F h o )  ~ [ m ( R q - h o ) ' ~ . 4 ( e m +  1) h~h,l ~,// (R - -ho ) (3R+ho)  

d =  (2m + 1)4 (m + I) _ _ R  h~ Y~a-~- [(R + ho)' - -  4 h~h.].. 

F r o m  (16) we  conclude t h a t Y M  > 0, a > 0, b <  0, c > 0, d < 0. We have:  

c + b = 0 ,  
2(m-k-l) 

(c - -  b) ~ + 4 da = --  -~  

X (R -F ho) ~ (R - -  hx) (3R q- ho) m (R -? ho) * - -  4 (2m+ 1) bah, 
(-2m § 1) [(R + ho) 2 - -  4 h~h2] "~ O. 

We would have  a c en t e r  a t  M if  the  r igh t  s ide  of (15) w e r e  a f r a c t i o n a l  l i nea r  function. 
what  fo l lows that  M is  a c e n t e r  in th is  c a s e  a l so .  We i n t e g r a t e  (15): 

{ m+l ] } Y [h 2-- h (R + ho) q- hlh~] Y '~ - -  1 m 4-1 hlh2 C. 
h m 

It wil l  be  c l e a r  f r o m  

We e x a m i n e  the f low l ine  fo r  C = 0: 

1. y = 0 ,  h ~ H  I, 
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2 m +  t 
- ~ h ~ - h ( h  o + R )  q h~h.~ 

2. = ( h - - h ~ ) ( h ~ - - h )  , h > ~ H p  (17) 

The curve  defined by (17) mee t s  the vx axis  at  N l and N 2. The zero  flow line is a loop with two branches  
that have an asymptote ,  whose equation is of the fo rm x = x 2. It is readi ly  shown that  M l ies  within the 
region bounded by the zero  flow line. The two different  in tegra l  curves  for  the different ia l  equation in t e r -  
sec t  only a t  the s ingular  points of that equation if the functions in the numera to r  and denominator  on the 
r ight  in (15) a r e  continuous, as  a r e  the i r  f i r s t  par t ia l  de r iva t ives  with r e spec t  to x and y. The c losure  
of the ze ro  flow line impl ies  that M is  a center  (vortex point) and that all  flow lines having C > 0 a r e  closed 
l ines.  

The r e s e r v e  of ma te r i a l ,  i .e . ,  the volume not involved in the roll ing, is defined by 

2 m +  1 
~ h ~ -  h (R + G) + 

q = 2 L. (h - -  h~) (h., - -  
Xx 

- -  h~h~ 

M x .  

This shows that q and the f low-l ine pa t te rn  a r e  not dependent on the angular  ve loci ty  of the rol ls .  The 
equation for  q can be given the following f o r m  in t e r m s  of d imens ion less  quantities: 

~s 
q -  

+ 2ram + ~  kno [1 --no (k - -  ll]} {[1--% (k - -  1) - -  r l - -  p] (~," ~ - -  ~ '  - -  kqo)} -~ d~. 

It is impor tan t  to produce f i lms  and sheets  having uni form thickness  by calandering,  and this we now 
consider .  We wr i t e  (10) in t e r m s  of d imens ion less  quantit ies:  

ffs{ [no (k--l) + } f l - -  ~ --1] 1'1o (k-- 1)+ l / l~ - -~ - - l l  m-'  

><, (v/l__ ~2--k~lo [I / 1-- ~2 _knor-~} {(1+ no-- ~ 1 -  ~)2m+l}--I d~ =- O. 

This al lows us to calculate  the re la t ive  thickness  k of the emerg ing  sheet ,  which is  dependent on: 1) the 
min imum re la t ive  gap ~0; 2) the ro l l  inse r t ion  depth ~s; 3) power m. We a s sume  that m and ~s, genera l ly  
speaking, v a r y  within cer ta in  l imi ts ,  while 90 is  a constant.  We t e r m  the p roces s  s table  if we have not only 
[ m - m ~  < ~ land  l ~ s - ~ ~  < e 2 b u t a l s ~  ] k - k ~  < e 3 f o r v 0  constant,  w h e r e t o  ~ 4 ~ , k ~  ~l > 0, ~2 > 0, 

k 

r,26 

t, g4 

t,22 

~'/ q2 q3 

Fig. 3. 

f 

Graph of k(~s) for  var ious  m with 
70 = 0.0025. 

Ig 
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4. Graphs of F(~) for  var ious  m with 
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e3 > 0 a re  quantities specified in advance. The stabili ty may be judged f rom the curves  of Fig. 3. The 
process  becomes more  stable as m dec reases  and as ~ s inc reases .  F igure  4 shows that the fr ict ional  
fo rce  var ies  li t t le with ~ s if m is small  enough, but that F begins to inc rease  rapidly if m approaches one. 

A program has been wri t ten for  the Minsk-2 computer  in order  to calculate the quantities. 

T 

P0, m 
u~ V 

P 
x s 

N O T A T I O N  

is the shear  s t r ess ;  
is the velocity gradient; 
a re  the rheological  constants of the mater ia l ;  
a r e  the veloci ty components along the Ox and Oy axes;  
is the pressure ;  
is the loading thickness.  
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